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CHAMP Accelerometer Calibration by Means of the
Equation of Motion and an a-priori Gravity Model

Christian Gruber, Dimitrios Tsoulis and Nico Sneeuw

Summary

Based on a one month CHAMP data set, accelerometer cal-
ibration parameters as well as harmonic coefficients of the
geopotential at satellite altitude are estimated. The energy
conservation principle is applied, with special regard to the
observed non-gravitational forces. An orbital forces balance
method leads to a bias parameter estimation for each axis of
the star accelerometer. For validation purposes gravity fields
have been calculated up to degree and order 60 with EIGEN2,
GRIM5s1 and EGM96 models, which were used for the cali-
bration of the accelerometer, revealing an agreement in geoid
heights at dm-level.

Zusammenfassung

Basierend auf einem einmonatigen CHAMP-Datensatz wer-
den Kalibrierungsparameter fiir das Akzelerometer sowie Geo-
potentialkoeffizienten auf Satellitenh6he bestimmt. Dabei
kommt das Energieerhaltungsprinzip zur Anwendung, unter
besonderer Beriicksichtigung der beobachteten nicht gravi-
tativen Krifte. Die resultierende Krdftebilanzmethode fiihrt
zu bias-Schdtzwerten fiir jede der drei Akzelerometer Achsen.
Die zur Validierung berechneten Gravitationsfelder bis zu Grad
und Ordnung 60, mit EIGEN2, GRIM5s1 und EGM96, die zur
Kalibrierung des Akzelerometers benutzt wurden, zeigen eine
Ubereinstimmung bei den Geoidhhen im Dezimeterbereich.

1 Introduction

The non-conservative accelerations detected by CHAMP
are of special interest for geopotential determination.
They are required to convert the satellite’s accelerations
into gravitational forces. From high-low satellite to satel-
lite tracking (hl-sst) observations the kinetic properties of
CHAMP can be obtained and the Hamilton equation can
be used to determine the potential energy. Due to mainly
frictional forces of the Low Earth Orbiter (LEO) in the up-
per atmosphere, energy is withdrawn from the system and
has therefore to be modeled in order to recover the poten-
tial. Due to the properties of accelerometers only a specific
spectral bandwidth of the data can be used and a strat-
egy has to be developed to calibrate the instrument in or-
bit. Proposed methods are satellite cross-over constraints
(Gerlach et al. 2003) and in situ potentials from a known
geopotential field (Han et al. 2003) that have been used
to calibrate the along-track component as the main direc-
tion of drag forces during the movement through residual
atmosphere in the upper ionosphere.

In the following approach all three axes of the ac-
celerometer shall be calibrated in orbit from the balance
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of forces that can be obtained from an existing geopoten-
tial model such as EIGEN2 (Reigber et. al. 2003), GRIM5s1
(Biancale et. al. 2000) or EGM96 (Lemoine et. al. 1998)
and the knowledge about the motion of the satellite. The
resulting dissipative integrals are used to obtain a quasi
independent geopotential solution and are compared to
the respective geopotential model that was applied as a
reference solution for the calibration.

The proposed method is based on calculating artificial-
ly the dissipative forces acting on CHAMP, as differences
between the satellite’s equation of motion, which asso-
ciates the known orbital elements to final accelerations,
and the sum of all gravitational forces acting on the satel-
lite. Although the non-stationary gravity field is much
more complicated in reality, we will only consider third-
body forces due to Moon and Sun.

By comparing the computed dissipative forces with
the available accelerometer data in a common reference
frame, one can estimate calibration parameters and eval-
uate the respective dissipative integral. The accelerometer
calibration will turn out to be mostly independent of the a
priori gravity field so that the dissipative energy loss can
be inferred consistently.

2 CHAMP configuration and related reference
frames

The measurements on board of CHAMP are carried out by
a GPS dual frequency, 16-channel receiver unit for pre-
cise orbit determination and a 3-axis STAR accelerometer
with 3 - 10~ m s 2 precision in the along-track or cross-
track directions and 3 - 1078 m s~2 precision in the radial
direction, for the detection of non-conservative forces. To
maintain the inclination and boom direction of the space-
craft, the attitude angles are determined by two Advanced
Stellar Compass instruments and orbit corrections are car-
ried out by thrusters.

The highly precise attitude determinations are based on
pictures, taken by specialy designed electronic cameras.

Several reference frames are commonly used in
CHAMP data processing. For an overview refer to
(Schwintzer et al. 2002). Of special interest to this work is
the spacecraft frame (SCF), the accelerometer instrument
fixed frame (IFX) and the orbital or Gaussian frame. While
a definition for the first two can be found in (Schwintzer
et al. 2002), the Gaussian frame eg = [s t n]' has its
origin at the center of mass of the satellite, s stands for
the radial component of the Gaussian basis (radius vec-
tor from orbital center, lying in the orbital plane), n is
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the cross-track component and t denotes the quasi along-
track component (completing the triad). It should be men-
tioned that this frame is radially earth pointing thus devi-
ating from the local orbital frame by the orbit eccentricity.

CHAMP has been launched into an almost circular,
near polar orbit with 87 degrees of inclination against the
equatorial plane and a mean altitude of initially 454 km
that has already declined to 408 km at the point where
the data for the present study were acquired, namely
01.07.02 — 30.07.02. The satellite is losing about 43 m per
day in height during this period and the revolution dura-
tion is about 93 min, which corresponds to a linear speed
of approximately 7.5kms~! over ground.

The measurement bandwidth (MWB) of the accelero-
meter device is specified within 10" 'Hz — 10~*Hz. This
implies, that non-gravitational effects caused by pro-
cesses lasting shorter then 10 s or longer than 2 subse-
quent revolutions (up to constant offsets) are outside the
MWB and have to be taken care of by a calibration prin-
ciple in order to extract the dissipative information. Fi-
nally, the sampling rate of the available GPS-based posi-
tions given in the international terrestial reference frame
ITRF is 1/30 Hz and that of both the accelerometer and
the attitude angles in the instrument fixed frame 1/10 Hz.

3 Methodology

The calibration of the accelerometer is an essential step
in gravity field determination from CHAMP. Apart from
some a-priori estimates of the accuracy (or sensitivity)
of the device, there exists hardly an accurate and reli-
able method for the independent estimation of its bias
and scale, using the available observed accelerometer
data. However, although their exact mathematical de-
scription is not feasible, one may compute indirectly the
value of non-gravitational accelerations along the or-
bit, at the identical points where the accelerometer data
have been obtained. This permits the direct comparison
of these theoretically evaluated non-gravitational accel-
erations with those registered by the STAR device, which
leads to a calibration parameter estimation for the ac-
celerometer.

The motion of a satellite orbiting the Earth is the com-
bined result of gravitational and non-gravitational forces
acting on it, the latter being measured by the CHAMP ac-
celerometer. With the gravitational part coming mainly
from Earth, Sun and Moon, one may generally write

F= % v—VYV, (1)
where dv/dt denotes the total acceleration acting on
the satellite with v its velocity vector, F stands for the
non-gravitational forces, the gravitational part due to the
Earth and other third body potentials (here only Sun and
Moon are considered) is given by VV. Both F and VV

describe forces per unit mass, having thus the same di-
mensions as dv/dt. Comparing the measured accelera-
tions from CHAMP with some generated ones by (1) gives
theoretically the ability to calibrate the instrument.

Kinematics

Before building the linear model for the calibration of the
accelerometer, let us first comment on the numerical eval-
uation of the terms on the right hand side of Equation (1).
Given the position of the satellite in terms of its radius
vector r and its velocity v one may proceed to the nu-
merical computation of dv/dt in the Gaussian frame em-
ploying the so called Hill variables (Cui 1997),

dt - \dt 13 r dt

G di . . .dQ
—|—7 (cosuﬁ —I—mnussz) n, (2)
where 7 denotes the radial derivative of the radius vector
(radial velocity), G the magnitude of the angular momen-
tum vector, u,i, Q are the argument of latitude, the orbit
inclination and the right ascension of the ascending node
respectively. The computation of the Hill variables G, 7,
u, and Q entering the right hand side of equation (1) has
been carried out in the frame of this work by means of
closed expressions involving r and v provided by Rapid
Science Orbits from the CHAMP Information System and
Data Center (ISDC) at Geoforschungszentrum (GFZ) Pots-
dam. The subsequent time derivatives have been obtained
component wise by a numerical differentiation scheme
based on central differences and a Taylor series expan-
sion in the center point, leading to an equation system
for the derivatives that can be solved e.g. in the case of
three central differences for the first derivative as (cf. Mai
1997)

1
fl= E(15A1 —6A2 4 AY), 3)

where the A/ are the centered differences between equi-
distant data points,

i Ykt+j T Yk
AL B |
A 2] .

(4)
The solution is equivalent to what is often refered to as
Newton-Gregory differentiation and can be found in nu-
merous textbooks on numerical differentiation.

Dynamics

The second term that has to be computed for the synthesis
of the dissipative forces acting on the CHAMP satellite
according to Equation (1), is the gravitational part VV.
Denoting with Vg and Vj3,; the gravitational potential
due to Earth and other third bodies (Sun and Moon) re-
spectively, one can write VV = V Vg + VVj3,,. For the
evaluation of Vg a spherical harmonic series expansion
may be applied, using one of the available Earth gravity
models. In this way a reference model is introduced for
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the calibration of the CHAMP accelerometer. Vg, can be
obtained by the standard expression

_ K )
Vo = . +r 22 Z ( ) Ppm(cos )
m=0
(Cpm cOS MA + Sy sinmA) (5)

a, denotes a semi major axis of an Earth ellipsoid, , A,
are spherical (geocentric) coordinates of the computation
point, i stands for the universal gravitational constant
times a mean Earth mass, P,,,;, are the normalized asso-
ciated Legendre functions of degree n and order m and
Cynm, Snm are the normalized spherical harmonic coeffi-
cients of the given Earth gravity model, available up to
the respective maximum degree and order N.

Differentiation of Vg with respect to 6, A and r leads
to the gradient of the geopotential in the local tangent
frame:

fr oV /or
VVe=| fo | = 1/r-0V /00 . (6)
fa 1/rsin@ -9V /oA

The force components read finally

>3-

n=0m=0
(Enm COS A + Sy SInmMA) ,

(n+1)=

fr = (a—;)n Pym(cos )

n

72 Z Z (ie) —an(cose)

(cnm cos mA + Spm sinmA),

n
r2 22 mzo (a:) 51r119

(Spm cOS MA — Tpypy SINMA) (7)

fo =

fr = Ppum (cos0)

In the sequel, the cartesian counterparts of these force
components in the Earth fixed frame ITRF will be of in-
terest. Thus, the following expressions are computed

fx
VVe = | fy
fz
frsin@cos A+ fgcosBcos A — fysin A
= | frsin@sinA+ fycosOsinA + f) cos A
frcos 8 — fgsin®

(8)

4 Definition of a calibration model for the
accelerometer

In order to compare the dissipative forces as computed
by equation (1) with the accelerometer data of CHAMP,
both have to refer to a common reference frame. Up to
now the computation of the dissipative forces according
to (1) has been presented for the orbital (Gaussian) refer-
ence frame. The accelerometer data of CHAMP refer, on

94 | zfv 2/2005 130. Jg.

the other hand, to an instrument fixed frame (IFX). The
alignment between instrument fixed and orbital frame
can be calculated as a single rotation about one rota-
tional axis by means of quaternion algebra, cf. (Grewal
et al. 1997). By means of attitude quaternions, provided
by the Star Tracking device and the relations to the or-
bital frame, the dissipative forces (1) can be transformed
from the orbital frame into the instrument fixed frame of
the three accelerometer axes. The resulting transforma-
tion takes finally the form of small misalignment angles
and has been found to oscillate about +2° about the or-
bital reference system, depending on the actual position
of the spacecraft, since the boom direction automatically
orientates into the direction of the strongest drag.

Having transformed by means of quaternion algebra F
to Fipx, a calibration system may be set up, comparing
the computed dissipative accelerations obtained by (1) to
the observables registered by the accelerometer according
to

Fipx + €p = B+ (Apx + €a), )

where Fipx are the non-gravitational forces expressed
in the instrument fixed frame, Ajgx the accelerometer
measurements, where the original accelerometer sampling
rate of 10 s has been decimated to the rate of 30 s in order
to coincide with the computed Fipx, er and €4 give the
error of Fipx and Ajpx respectively and finally B denotes
the unknown instrument bias as a function of time.

Although e, has a very small value, according to the
instrument’s specifications, er obtains very large values,
obviously due to the use of GFZ’s rapid science orbit in-
formation and the derivation step. The error magnitudes
of ep exceed the required precision for the bias estimates
up to 2 orders of magnitude. Application of a properly
defined smoothing operator to Figx would therefore de-
crease er considerably and allows a direct bias estima-
tion from equation (9). It should be noted here, that the
GFZ provided correction terms for the radial component
as well as the scale parameters in each axis have been
applied, so that no benefit from the introduction of an
additional scale parameter could be found. Furthermore,
in order to properly estimate scale and bias parameters
simultaneously from short data windows a-priori covari-
ance information would be required to separate cross-
correlation.

With the bias approach being followed here no phys-
ical assumptions about the instrument behaviour have
been made yet. By filtering the bias with respect to the
accelerometer MWB compliance to the instrument speci-
fications shall be achieved, leaving possible unconsidered
systematic effects in the calibrated data.

It can be expected that frequencies in the range of
1-107* Hz — 1-10~! Hz will be represented by the
measured time series. In the time domain this corresponds
to wavelengths with a period of 10 s up to roughly 2 revo-
lutions (185 min). A dirac-like sequence has been used in
order to construct an approximating function for both,
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the computed dissipative forces and the accelerometer
data leaving a bias with expectable smooth characteris-
tics. The hereby used kernel function follows the theory
of delta functions, and is given by (Shilov 1973):

fulp) = [ Cult = (= 1" £ (10
with
Cn = ! (11)

SL( = e2ymat’

being a scale factor.

A trial function f(y) will be approximated by means
of this smoothing kernel in terms of a sequence of poly-
nomials of degree < 2n defining the particular correla-
tion length. The kernel (10) has been applied to Fipx us-
ing a correlation length of 30 epochs. Due to its spectral
characteristics this definition of 7 leds to a considerable
damping of eg in the higher frequency band, while its
application to the computed dissipative forces produces
time series that are in the medium band comparable to
those obtained from CHAMP’s accelerometry. Fig. 1 dis-
plays a section of the along-track component of Ay as
provided by the raw measurements and the same compo-
nent of Fpx as computed by (1) and smoothed by (10)
for the one month CHAMP data used (July 2002). The two
signals correlate smoothly through the given period of
data producing differences of the order of 10~8 ms—2.

After the application of kernel (10) to the computed
Fipx a direct bias estimation for all three axes of the ac-
celerometer device can be carried out from equation (9).
Fig. 2 presents the bias estimation for along-track, cross-
track and radial component of the accelerometer for the
given thirty days period. The biases have been obtained
by simply comparing component-wise the smoothed Fipx
with the measurements Agx. The resulting bias estimates
have been furthermore averaged over 2 revolutions and
are plotted over the entire sequence of one month in
Fig. 2. The bias estimates reveal in overall a rather stable
course with relatively smooth fluctuations over some
constant values (—2.96 - 10 °ms =2, —2.7 - 107 ms 2
and 8.425 - 10~>ms~2 for the along-track, cross-track
and radial component respectively).

Having estimated the bias parameters for all three
accelerometer axes we may now compute the respec-
tive energy loss [ Agx v dt resulting from each accelero-
meter axis taking also the bias information into account!.
Fig. 3 shows this energy loss for each component after
accelerometer calibration. The dominance of the along-
track component is evident as well as expected. Interest-
ing however is the contribution of the other two com-
ponents to the total energy loss, depicted in the respec-
tive subplots of Fig. 3. Although representing a very small
fraction with respect to the effect of the along-track com-
ponent, their contribution should be certainly taken into
account, especially when longer data sequences are ana-
lyzed.
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Fig. 1: Along-track accelerometer signal (continuous line)
compared to its computed along-track component
(dashed line) generated by (1) and approximated by (10)
for CHAMP data (time since July 1th, 2002).
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Fig. 2: Bias estimates, calculated as average over 2 revo-
lutions for the 3-axis accelerometer over a 30 day period
(July 2002), estimated separately for the along-track,
cross-track and radial component. The gap at day 12 is
due lack of accelerometer data.

5 The Hamilton Equation

In order to evaluate some computed accelerometer cali-
bration parameters the calculation of spherical harmon-
ics shall be processed by the energy balance equation. The
energy of the CHAMP satellite is generally assumed to be
a constant of motion. With V the total gravitational po-
tential and T denoting the sum of kinetic and centrifugal
potentials the Hamilton equation should hold

1 The gap has been filled by the dissipative forces derived from
the orbital data.
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Fig. 3: Energy dissipation given in instrument fixed frame:
along-track, cross-track and radial component

H=T+V (12)

with H being a constant. When introducing non-
conservative forces F along the orbit in the Earth fixed
reference frame (measured by accelerometry for the
CHAMP experiment), H is not constant in time and the
above equation can be rearranged to (compare Gerlach et
al. 2003)

1 1
Vo + Vo + H = SVer- Vet — E(w X Tef) - (@ X Tef)

t_
*/ F- vgdt,
to

where the subscript ‘ef’” refers to the Earth fixed frame
ITRF and w represents the vector of the Earth’s rotation
[0 0 dO©/dt], © being the Greenwich Apparent Sidereal
Time. The integration of the dissipative forces along the
orbit in the Earth fixed reference frame should hold due
to the rotation of the atmosphere (in the case of a LEO).
Expressing the velocities in a quasi-interial non rotating
equatorial frame

v=R'

(Vef +w X ref)/ (14)

where R denotes the transformation from space fixed to
Earth fixed coordinates and includes information about
the instantaneous parameters of the polar motion and of
© (for definitions see e.g. Montenbruck and Gill 2000),
equation (13) can be reformulated in this quasi-intertial
frame:

1
Vo+H = §v~v+w'(v><r)
t —_—
- / (F+VVi) (v+wxr)dt, (15
to
as the energy balance equation, that can be directly

adopted for the orbital frame using equation (1). A more
rigorous approach for the derivation of the Hamiltonian
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can be found in Jekeli (1999), assuming the rotational
term with (w X r) as being of negligible small ampli-
tude. The third body potential has now been treated as
a force integral on the right hand side of (15) in order to
maintain complementarity to the surface forces, that have
been determined from (1).

6 Gravity field recovery

After the accelerometer calibration has been completed,
one may obtain a time series of the Earth’s gravitational
potential along the orbit using equation (15), by replac-
ing F in the last term of its right hand side with simply
Argrx, Aipx denoting the calibrated accelerometer data.
Radial continuation of these values onto a sphere at mean
satellite altitude with a Taylor series expansion along the
radial direction, followed by an interpolation of this or-
bit correlated potential distribution by means of a stan-
dard 2-dimensional gridding function, we obtain a formal
raster of potential values on a sphere at satellite altitude.
From this point it is straightforward to perform spherical
harmonic analysis in order to derive the set of spherical
harmonic coefficients that corresponds to the given po-
tential data on the sphere (see e.g. Tsoulis 1999).

Using the Matlab bundle gsha (Tsoulis and Sneeuw
1998) a set of potential harmonic coefficients from the
given potential values is computed in a least squares ad-
justment, where the full system of normal equations was
solved with no regularization applied. Spectral downward
continuation to zero level then leads to a global gravity
model that is complete up to degree and order 60 and
its signal degree variance with model EIGEN2 used as
the reference model entering equations (6) is presented
in Fig. 4 with the dashed line. In the same Figure depicted
are the power spectrum of Kaula’s rule (solid line), the
spectrum of the difference between EGM96 and EIGEN2
models (thick line) and the spectra of differences between
EIGEN2 and our calibration solution (three thin lines) us-
ing three different reference models, namely GRIM5s1,
EIGEN2 and EGM96 according to

I
3 [(@EICEND) _ g y2 4 (G(EIGEND) _ g oy,

0= Im slm
m=0

(16)

with ¢;,,, and 5, the harmonic coefficients emerging from
the different calibration solutions. It is also important to
mention that all degree variances are computed for de-
grees | > 2. It becomes evident from Fig. 4 that no mat-
ter which reference gravity model is used the coefficients
computed by the current method seem to be of very good
agreement with those of model EIGEN2, at least up to de-
gree 40. At higher frequencies this correspondence is less
evident but this could be due to the short data of one
month only and the coefficient estimation method be-



Gruber/Tsoulis/Sneeuw, CHAMP Accelerometer Calibration ...

Fachbeitrage

107 &

1078 1

107° |

10 20 30 40 50 60
degree / order

Fig. 4: Spectral power of geopotential coefficients per
degree. Solid line: Kaula's rule, dashed line: solution
calibrated with EIGEN2, thin lines: solutions calibrated
with different Earth models (GRIM5s1, EIGEN2 and
EGM96) plotted as differences to EIGEN2, thick line:
EGM96 minus EIGEN2.
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Fig. 5: Solution calibrated with EIGEN2 plotted as
difference to EIGEN2 in geoid heights in [m] at orbit level
(+15° latitude bands around the poles are excluded).

ing applied. In overall the result is in good accordance
to the fact that EIGEN2 includes the STAR accelerometry
data. Fig. 5 shows the differences to the reference model
in terms of geoid heights after a synthesis step with the
computed model coefficients.

To obtain a first measure of the quality of the newly
computed geopotential coefficients a forward computa-
tion of global geoid heights at satellite level by means
of a direct spherical harmonic synthesis step up to de-
gree and order 60 has been carried out and compared to
the respective models that have been used for the calibra-
tion. Tab. 1 lists the standard deviations of the differences
in geoid height at orbit level for co-latitudes 11° to 170°.

Two facts become evident from these comparisons. On the
one hand, the computed field strongly depends on the ref-
erence gravity field used for the calibration. At the same
time all three models agree very well with EIGEN2.

Tab. 1: Standard deviations of differences between global
distributed geoid heights in [m] at satellite level calcu-
lated from the present solution for different calibration
models minus geoid heights from different Earth gravity
models (+10° latitudes around the poles are excluded).

Potential field Models that are used for comparison

used for calibration EGM96 EIGEN2 GRIM5s1
EGMo96 0.095 0.087 0.166
EIGEN2 0.099 0.086 0.165
GRIM5s1 0.100 0.088 0.162

7 Discussion

A further detailed investigation of the following central
issues should provide an insight into the restrictions from
the present approach as well as the quality of the obtained
gravity model and at the same time give hints for solu-
tions of increased resolution and accuracy:

m verification of the used input data, especially the or-
bit data and the differentiation step. Outlier detection
methods should be applied to obtain more reliable
accelerations from the orbital data. Since the noise
ratio between accelerometer and double differenti-
ated orbit positions is of about two orders of mag-
nitude, enhancements concerning the reliablitity of
the orbit shall thus directly improve the capability to
calibrate the accelerometer.

m the gravity field recovery step to investigate the
quality of the calibration. The parameter estimation
should be carried out in situ, thereby avoiding field
continuation as well as data interpolation onto a reg-
ular grid. Better spatial coverage and more redun-
dancy should also enhance results.

m the applied filtering of the bias to decorrelate from
the used reference field as well as to reduce the noise
ratio could be investigated by simulative studies.

m convergent iteration, generating in each step cali-
brated accelerometry data as well as new gravity
field parameters could possibly make the appraoch
independent of external information.

8 Conclusions

An alternative method for the calibration of the CHAMP
accelerometer is discussed, by comparing synthetically
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derived dissipative forces based on the definition of the
equation of motion with the accelerometry measurements
of CHAMP. In order to obtain some more information on
the quality of the calibration results that were obtained,
a respective preliminary gravity model was evaluated as
well and compared with some standard gravity models.
The overall method is per definition strongly dependent
on the accuracy of the used orbits. This leads to a first
priority for future considerations, namely the applica-
tion of more precise orbits (dynamic, reduced-dynamic or
kinematic) and the assessment of their effect on the cal-
ibration parameter estimation, or even on the computed
gravity fields. The particular feature of the present con-
tribution, that is offering more insight on the calibration
problem, by estimating parameters for all three accelero-
meter axes, should be, in our opinion, further exploited in
CHAMP-related studies.
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